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Part one 
(3D Geometry and 

vectors) 
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Three-dimensional Transformation 

  

  

  

 

1-:Coordinate System: 
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2-Vectors in 3D

 

2.1 Modules of vectors: 

 

222 PzPyPx   

Ex/ if p(5,-2,3) and Q(2,-4,-4),find |P| and |Q| 

Sol/ 222 3)2(5  38
222 )4()4(2  36  

2.2 Unit vectors:
^

P

^

P
| |

38  

^

P
38
−

38
+

38
 

^

P  

2.3 Angles Vector about axis:-
  

| |
 

A. About X-axis  Ŭ =Cos-1( Vi / |V|) 

B. About Y-axis  ɓ =Cos-1( Vj / |V|) 

C. About Z-axis  ɖ =Cos-1( Vk / |V|) 

 

2.4 Add of vectors:   

 

2.4 Subtraction of vectors:   

 P- -P 



2nd-Semester Visualization  

 

A.I Branch 3rd Class  

2.5 Scalar of vectors: 

 

 

 

 

2.6 multiply of vectors by using Dot product:   

 

 


.

| |∗| |
 

2.7 multiply of vectors by using Cross product: 

  

+푖 −푗 +푘
푃푖 푃푗 푃푘
푄푖 푄푗 푄푘

   

 

 

 

 

ɖ ɖ  

 

i Ĭ j = k then j Ĭ i = -k 

J Ĭk = i then k Ĭ j = -i 

Finally/ i Ĭ k = j then k Ĭ I = -j 

 

 

Sol/ AĬP=( 4 , -29, -26) why? 
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PĬA (H.W) 

Angle ? (H.W) 
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Part two 

(3D Transformation) 
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2: Transformation: 

 

 

 

2.1 Translate (shift, Move) 

 

 

 

 

 

[ X , Y , Z ] = [X Y Z 1] Ĭ

ퟏ ퟎ ퟎ ퟎ
ퟎ ퟏ ퟎ ퟎ
ퟎ
풂
ퟎ
풃
ퟏ
풄
ퟎ
ퟏ

 

 

2.2:Scaling: 

 

 

1.  

2.  

3.  
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[ X , Y , Z ] = [X Y Z 1] Ĭ

푺풙 ퟎ ퟎ ퟎ
ퟎ 푺풚 ퟎ ퟎ
ퟎ
ퟎ

ퟎ
ퟎ
푺풛
ퟎ
ퟎ
ퟏ

 

 

2.3 Mirror 3D 

 About origin: (X, Y, Z) (-X, -Y, -Z) 

 

[ X , Y , Z ] = [X Y Z 1] Ĭ

−ퟏ ퟎ ퟎ ퟎ
ퟎ −ퟏ ퟎ ퟎ
ퟎ
ퟎ

ퟎ
ퟎ
−ퟏ
ퟎ
ퟎ
ퟏ

 

 

 Mirror about Main Axes 

 X-axis: (X, Y, Z) ( X, -Y, -Z) 

[ X , Y , Z ] = [X Y Z 1] Ĭ

ퟏ ퟎ ퟎ ퟎ
ퟎ −ퟏ ퟎ ퟎ
ퟎ
ퟎ
ퟎ
ퟎ
−ퟏ
ퟎ
ퟎ
ퟏ

 

 Y-axis: (X, Y, Z) ( -X, Y, -Z) 

[ X , Y , Z ] = [X Y Z 1] Ĭ

−ퟏ ퟎ ퟎ ퟎ
ퟎ ퟏ ퟎ ퟎ
ퟎ
ퟎ
ퟎ
ퟎ
−ퟏ
ퟎ
ퟎ
ퟏ

 

 Z-axis: (X, Y, Z) ( -X, -Y, Z) 

[ X , Y , Z ] = [X Y Z 1] Ĭ

−ퟏ ퟎ ퟎ ퟎ
ퟎ −ퟏ ퟎ ퟎ
ퟎ
ퟎ

ퟎ
ퟎ
ퟏ
ퟎ
ퟎ
ퟏ

 

 

 Mirror about Main Plane 

 Plane XY: (X, Y, Z) ( X, Y, -Z) 

[ X , Y , Z ] = [X Y Z 1] Ĭ

ퟏ ퟎ ퟎ ퟎ
ퟎ ퟏ ퟎ ퟎ
ퟎ
ퟎ
ퟎ
ퟎ
−ퟏ
ퟎ
ퟎ
ퟏ

 

 Plane YZ: (X, Y, Z) ( -X, Y, Z) 

[ X , Y , Z ] = [X Y Z 1] Ĭ

−ퟏ ퟎ ퟎ ퟎ
ퟎ ퟏ ퟎ ퟎ
ퟎ
ퟎ
ퟎ
ퟎ
ퟏ
ퟎ
ퟎ
ퟏ

 

X 

Y 

Z 
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 Plane XZ: (X, Y, Z) (X, -Y, Z) 

[ X , Y , Z ] = [X Y Z 1] Ĭ

ퟏ ퟎ ퟎ ퟎ
ퟎ −ퟏ ퟎ ퟎ
ퟎ
ퟎ
ퟎ
ퟎ
ퟏ
ퟎ
ퟎ
ퟏ

 

 

 

2.4: Shear 3D  

 Shear XY   

 

 [  ] = [X Y Z 1] Ĭ

ퟏ ퟎ ퟎ ퟎ
ퟎ ퟏ ퟎ ퟎ
풔풉풙
ퟎ

풔풉풚
ퟎ

ퟏ
ퟎ
ퟎ
ퟏ

 

 

 

 Shear XZ   

 

 [  ] = [X Y Z 1] Ĭ

ퟏ ퟎ ퟎ ퟎ
풔풉풙 ퟏ 풔풉풛 ퟎ
ퟎ
ퟎ

ퟎ
ퟎ

ퟏ
ퟎ
ퟎ
ퟏ

 

 

 

 Shear YZ   

 

 [  ] = [X Y Z 1] Ĭ

ퟏ 풔풉풚 풔풉풛 ퟎ
ퟎ ퟏ ퟎ ퟎ
ퟎ
ퟎ

ퟎ
ퟎ

ퟏ
ퟎ
ퟎ
ퟏ

 

 

 

Note: 

 , therefore shx= -3, shy= -3 

 if  shy= 

5, shz= -2 
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 if it apply shear directly then center of shearing (0,0,0), but if center shearing 

not (0,0,0) need 

a) Shift center (Xc, Yc, Zc) into (0, 0, 0) by shifting transform. 

b) Apply shearing transform (or Scaling transform) 

c) Inverse step a (return center in the location (Xc, Yc, Zc)) 

d) These step (a, b, c) apply in scaling transform. 

 

2.5 Rotation: 

 

 

 

 

 

 

               

 

 

 

1 0 0 0 

0 Cos(ɗ) Sin(ɗ) 0 

0 -Sin(ɗ) Cos(ɗ) 0 

0 0 0 1 

  R(X, ɗ) 

Xr = X  

Yr = YCos(ɗ) -ZSin(ɗ) 

Zr = ZCos(ɗ) +YSin(ɗ) 

 



2nd-Semester Visualization  

 

A.I Branch 3rd Class  

 

 

 

 

 

 

 

 

 

 

 

2.6: Rotation about an arbitrary Axis 

  

 

  

 

 

 

 

  R(Y, ɗ) 

Xr = XCos(ɗ) -ZSin(ɗ) 

Yr = Y  

Zr = ZCos(ɗ) +XSin(ɗ) 

Cos(ɗ) 0 Sin(ɗ) 0 

0 1 0 0 

-

Sin(ɗ) 

0 Cos(ɗ) 0 

0 0 0 1 

Cos(ɗ) Sin(ɗ) 0 0 

-Sin(ɗ) Cos(ɗ) 0 0 

0 0 1 0 

0 0 0 1 

  R(Z, ɗ) 

Xr = XCos(ɗ) -YSin(ɗ) 

Yr = YCos(ɗ) +XSin(ɗ) 

Zr = Z  
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Steps of rotation: 

 

1.  

Tr(-x1, -y1, -z1)=  

ퟏ ퟎ ퟎ ퟎ
ퟎ ퟏ ퟎ ퟎ
ퟎ
−풙ퟏ

ퟎ
−풚ퟏ

ퟏ
−풛ퟏ

ퟎ
ퟏ

   

 

 

 

 

 

 

 

 

A line can be defined by a point on (x, y, z) and by a 
direction (a, b, c) 

O  
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ʌ

 ʌ  ʌ

√풃ퟐ + 풄ퟐ= d1 

Sin ʌ= b/d1, Cos ʌ= c/d1 

 

 

 ʌ) = 

ퟏ ퟎ ퟎ ퟎ
ퟎ 풄/풅ퟏ 풃/풅ퟏ ퟎ

ퟎ
ퟎ
−풃/풅ퟏ
ퟎ

풄/풅ퟏ
ퟎ

ퟎ
ퟏ

 

 

 

3.  

 

 ʕ 

풂ퟐ + (풅ퟏ)ퟐ √풂ퟐ + 풃ퟐ + 풄ퟐ  

 

    

R(y, ʕ) =   

풅ퟏ/풅ퟐ ퟎ 풂/풅ퟐ ퟎ
ퟎ ퟏ ퟎ ퟎ

−풂/풅ퟐ
ퟎ

ퟎ
ퟎ
풅ퟏ/풅ퟐ
ퟎ

ퟎ
ퟏ

 

 

 

 

 

4. .  

b  

O  

c  

a  
O  

d
1  

O  
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R(Z, ) =   

풄풐풔( ) 풔풊풏( ) ퟎ ퟎ
−풔풊풏( ) 풄풐풔( ) ퟎ ퟎ
ퟎ
ퟎ

ퟎ
ퟎ

ퟏ
ퟎ
ퟎ
ퟏ

 

5.  .  

R(y, -ʕ) =   

풅ퟏ/풅ퟐ ퟎ −풂/풅ퟐ ퟎ
ퟎ ퟏ ퟎ ퟎ

+풂/풅ퟐ
ퟎ

ퟎ
ퟎ
풅ퟏ/풅ퟐ
ퟎ

ퟎ
ퟏ

 

6.  

 -ʌ) = 

ퟏ ퟎ ퟎ ퟎ
ퟎ 풄/풅ퟏ −풃/풅ퟏ ퟎ

ퟎ
ퟎ
+풃/풅ퟏ
ퟎ

풄/풅ퟏ
ퟎ

ퟎ
ퟏ

 

7.  

Tr(+x1, +y1, +z1)=  

ퟏ ퟎ ퟎ ퟎ
ퟎ ퟏ ퟎ ퟎ
ퟎ
+풙ퟏ

ퟎ
+풚ퟏ

ퟏ
+풛ퟏ

ퟎ
ퟏ

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Tr(-x1,-y1,-z1) * Rx(Ф) * Ry(Э) * Rz(ᴫ) * 
Ry(-Э) * Rx(-Ф) * Tr(x1,y1,z1) 
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Ex/ 

 

d= 1307)9( 22  ,   

 Cos(a)=
130

7
Sin(a)=  

130

9
 

d1= 2517)9()11( 222   Cos(b)=
251

130
Sin(b)=  

251

11
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1

1

.

6

.

4

.

2
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1000

0100

0056cos56sin

0056sin56cos

Rotate about 56 clockwise in example 
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Part three 

(3D Projections) 
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3. Projection 

 

3.1  

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

O  
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1 0 0 0
0 1 0 0

−푥푝/푧푝
0

−푦푝/푧푝
0

0 0
0 1

 

 

  

 

 

  

   

   

   

 

 

 figure1 {(0,11,2), (0, 1,21), (0,19,-2), (0,-31,2), (0,-18,-

 

 figure2 {(7,0,2), (-9, 0,21), (61,0,-2), (17,0,2), (-72,0,-22), 

 

 figure3 {(7,11,0), (-9, 1,0), (61,19,0), (17,-31,0), (-72,-18,0), 

 

 

 

Perspective projection 
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X = xc + (x1 ï xc) u 

Y = yc + (y1 ï yc) u 

Z = zc + (z1 ï zc) u 

 

u= - zc/(z1-

zc)  
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P= 

−푍푐 0 0 0
0 −푍푐 0 0
푋푐
0

푌푐
0

0 1
0 −푍푐

 

 

P= 

1 0 0 0
0 1 0 0

−푋푐/푍푐
0

−푌푐/푍푐
0

0 −1/푍푐

0 1

 

 

Note: 

 

 

 

P= 

1 0 0 0
0 1 0 0
0
0
0
0
0 1/퐷

0 1

 

 

 

 Y must be 0 

    
( )

 

  -2  6  7   

  10  -11  18   

  4  2  1  -1 
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   0   

  0   

  0   

 

 

 

 

 

3.3 Oblique projection  

Ŭ ɓ

 

B'=B-  

 A'=A   

 

 

 

 

 

 

1 0 0 0
0 1 0 0

퐶표푠(훼)
0

푆푖푛(훽)
0

0 1
0 1

 

 

 

-C*cos(α) 

ɓ 
B 

A 

C 
Ŭ 

-C*sin(β) 
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1 0 0 0
0 1 0 0

퐷 ∗ 퐶표푠(훼)
0

퐷 ∗ 푆푖푛(훽)
0

0 1
0 1

 

 

 

 

 

 

X is Remove then projection on plane YZ 

Y  
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Part four 
(3D Shapes) 
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Line 3D 

 

 

 x=x1, y=y1, z=z1 

 x=x2, y=y2, z=z2 

 

For t=0 to 1 step 0.01 

    X= (x2-x1)*t+x1                     

    Y= (y2-y1)*t+y1              

    Z= (z2-z1)*t+z1              

    Plot(X ,Y ,Z ) 

Next t 

H.W/ 

 

 

Helix  

 

 

 

 

 

 

 

 

 

 

 

 

P 

r 
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X 
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H.W  

  

 

  

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



2nd-Semester Visualization  

 

A.I Branch 3rd Class  
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Part Five 
(3D & 2D curve spline) 
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Spline Curve 

 

 

Bezier Curve

 

(1)     {can apply 2D, 3D} 

How discover this equ.(1) 

 P(0)=P1 & T=1 P(1)=P4 Bezier Curve 
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P(0)=P  P(1)=P  

 

 

 

 

 

 

 

 

 

)2.........(
6

1
}1333{

6

1
}463{

6

1
)1(

6

1
)( 4

3

3

23

2

23

1

3 ptptttpttpttF 
 

How discover this equ.(2) is B-spline 

P(0)= 
ퟏ

ퟔ
푷ퟏ +

ퟒ

ퟔ
푷ퟐ +

ퟏ

ퟔ
푷ퟑ  P(1)=

 ퟏ

ퟔ
푷ퟐ +

ퟒ

ퟔ
푷ퟑ +

ퟏ

ퟔ
푷ퟒ

B-spline Curve 
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푷(풕) =
ퟏ

ퟔ
(ퟏ − 풕)ퟑ푷ퟏ +

ퟏ

ퟔ
{ퟑ풕ퟑ − ퟔ풕ퟐ + ퟒ}푷ퟐ +

ퟏ

ퟔ
{−ퟑ풕ퟑ + ퟑ풕ퟐ + ퟑ풕 +

ퟏ}푷ퟑ +
ퟏ

ퟔ
풕ퟑ푷ퟒ  

 

 

 

 

 

 

 

 

 where
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How can find this  

é..(1) 

 

 F''(0)=D   

 D  bi=Di/2 ..(4)  

D ai=(Di+1-Di)/6 é..(5)  

Apply equ.(4,5) in equ(1)  in t=1 then 

iiii
ii

iii

i
ii

iiii
iii

i

baPPCi
DD

PPC

C
DD

PPPC
DDD

P

























)()6)......(
6

2
()(

)
6

2
()(

26

1

1
1

1
1

1
1

Ci=(Pi+1-Pi)-ai-bi 

 

'step 1  

 

 

 

 

 

'step 2:  ' find a,b,c,e for x in all points 

 

bx(j)=dx(j)/2  

ex(j)=X(j) 

              'find a,b,c,e for  y for all points 
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by(j)=dy(j)/2 

ey(j) = Y(j) 

 

              'find a,b,c,e for  Z for all points 

bZ(j)=dZ(j)/2 

eZ(j) = Z(j) 

 

'step 3 apply equ.(1) 
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푷(풕) = 풂풕ퟑ + 풃풕ퟐ + 풄풕 + 푷풊

 

 P(0)= 푷풊  P(1)=푷풊 P(1)= 푷풊 ퟏ 

3pieces  pieces  

 Piece1  

 Piece2  

 

 

 Piece3  

 

   

   

{−63 − 58}  =

−ퟏퟖퟏ. ퟓ 

{−21 − 63}  −126 
 

{−26 + 63}   {−89 + 21}  −102  
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푎 =
퐷 − 퐷

6
   &  푏 =

퐷

2
   &  푐 = (푃 − 푃 ) − 푎 − 푏  

 

 

 

    

푎 =
−181.5 − 0

6
 푏 =

0

2
 푐 =

.
  

푎 =
55.5 + 181.5

6
 푏 =

−181.5

2
 푐 =

.
  

푎 =
0 − 55.5

6
 푏 =

55.5

2
 푐 =

. .
  

 

-30.25+0+88.25+9 X2=67 

39.5-90.75-11.75+67 X3=4 

-9.25+27.75-44.5+4 X4= -22 

 

 

    

푎 =
−126 − 0

6
 푏 =

0

2
 푐 = (−21)   

푎 =
−102 + 126

6
 푏 =

−126

2
 푐 = (ퟒ) (−63)  

푎 =
0 + 102

6
 푏 =

−102

2
 푐 = (17) (−51)  

 

-21+0+84-50 Y2=13 

4-63+38+13 Y3= -8 

17-51-55-8 Y4= -97 
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Part six 
(Normal vector & 
plane equation) 
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.1Normal Vector  

 vector 

 perpendicular 

 

 

 P-Q= (3, 2, 2), P-S= (-2, -2, 6) 

 -22j- -11j-k 

 - -8i+11j+k  

Note  

6.2Plane Equation 
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 -22j-2k  

 apply on P16(x-3)-22(y-1)-

     plane= 

 

6.3 Test arbitrary point on plane 

 

 point (x  

 point (x  

 point (x  

 

 8*1 -11*-2 -1*0 -9 = 21 outside on plane 

 8*1 -11*2 -1*0 -9 = -23 inside on plane 
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6.4 Detect Front ïBack side on plane 

.  
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Part seven 
(The Boundary Fill 
Recursive Algorithm) 
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The Boundary Fill Recursive Algorithm 

: 

 

Steps of the Boundary Fill Recursive Algorithm 

. 

. 

. 

 

Algorithm Process 
: 

. 

: 

. 

: 

. 

 

Pseudocode for 4-Connected Boundary Fill 
: 

    : 

         

         

         

         

         

 

8- -Connected Boundary Fill 

: 

 
: 

    : 
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Key Points 

 

 

 

 

 

Algorithm Steps for Boundary Fill (4-Connected) 

1. Initialize: 

o  

o  

2. Boundary Fill Algorithm: 

o  

  

 

 

3.  

4.  

5.  

6.  

7.  

8.  
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: 

Å . 

Å . 

Å : 

 

1 1 1 1 1  

1 0 0 0 1  

1 0 1 0 1  

1 0 0 0 1  

1 1 1 1 1  

 

Step-by-Step Execution  

1.  

o  

o  

2.  

o  

o  

3.  

o  

4.  

o  

5.  

o  

o  

6. 

 

: 

1 1 1 1 1  

1 2 2 2 1  

1 2 1 2 1  

1 2 2 2 1  

1 1 1 1 1  
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 Base Case: 

o       

 Recursive Case: 

o  

o  

o  

o 

 

. 

: 

Å . 

Å . 

Å : 

1 1 1 1 1 1 1  

1 0 0 0 0 0 1  

1 0 1 1 1 0 1  

1 0 1 0 1 0 1  

1 0 1 1 1 0 1  

1 0 0 0 0 0 1  

1 1 1 1 1 1 1  

 

 

 

: 

1. . Start at (3, 3)  

o  

o  

2. Move to (4, 3)  

o  

o  

3. Move to (5, 3)  

o  

o  
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4. Move to (6, 3)  

o  

5. Move to (4, 4)  

o  

6. Move to (4, 2)  

o  

7. Move to (3, 2)  

o  

o  

8. Move to (2, 2)  

o  

o  

. 

procedure boundaryFill(x, y, fillColor, boundaryColor): 

     

        setPixel(x, y, fillColor) 

        boundaryFill(x + 1, y, fillColor, boundaryColor)  // right 

        boundaryFill(x - 1, y, fillColor, boundaryColor)  // left 

        boundaryFill(x, y + 1, fillColor, boundaryColor)  // top 

 

 

 

1 1 1 1 1 1 1  

1 3 3 3 3 3 1  

1 3 1 1 1 3 1  

1 3 1 3 1 3 1  

1 3 1 1 1 3 1  

1 3 3 3 3 3 1  

1 1 1 1 1 1 1  
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